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Thank you for joining us!

 This Session is Being Recorded

 Automatically Muted on Entry
• You are automatically muted when you join the call

• Please unmute yourself to participate

• Minimize Background Noise – re-mute when you are done speaking

CPE Credits Available for This Session
• Attend this session in its entirety

• Answer all poll questions provided

• Survey must be completed

Please Complete the Survey for This Session

Send specific questions for me to simmonsc@pfm.com

F r i e n d l y  R e m i n d e r s
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Agenda

I . F i n a n c e  B a s i c s
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• Terminology
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Finance Basics
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Simple Interest

Ending 
BalanceInterestInitial 

investment
Beginning  
BalancePeriod

Compound Interest

Ending 
BalanceInterestBeginning  

BalancePeriod

Simple and Compound Interest
7.00%Interest Earnings
1,000.00Initial Investment

Compounding interest 
results in higher ending 
balances – earning 
interest on previously 
earned interest

1,000 70 1,0701,000 x .07 =1
1,000 70 1,1401,070 x .07 =2
1,000 70 1,2101,140 x .07 =3
1,000 70 1,2801,210 x .07 =4
1,000 70 1,3501,280 x .07 =5
1,000 70 1,4201,350 x .07 =6
1,000 70 1,4901,420 x .07 =7

1,000 70 1,6301,560 x .07 =9
1,000 70 1,7001,630 x .07 =10

1,000 70 1,5601,490 x .07 =8

1,000 70 1,070x .07 =1
1,070 75 1,145x .07 =2

1,225801,145 x .07 =3
861,225 1,311x .07 =4
921,311 1,403x .07 =5
981,403 1,501x .07 =6
1051,501 1,606x .07 =7
112 1,7181,606 x .07 =8
120 1,8381,718 x .07 =9
129 1,9671,838 x .07 =10

967Total700Total
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Time Value of Money – Future Value

Time = n
Future Value

Time = 0
Present Value

FVn = PV0(1+r)n

 $1,000 in the future is worth less when stated as a current value.
• Said differently, $1,000 in hand today is worth more than the same $1,000 in the 

future.
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$1000

Future Value of $1,000 compounded for 1-10 periods at 7%

=1000(1+.07)1+(1+.07)1+(1+.07)1+(1+.07)1+(1+.07)1+(1+.07)1+(1+.07)1+(1+.07)1+(1+.07)1+(1+.07)1

=1000(1+.07)10

=PV0 (1+r)n

1 2

$1070.00

x (1+.07)1

43 5 6 987 100

$1,144.90

x (1+.07)1

1,225.04

x (1+.07)1

1,3180.80

x (1+.07)1

1,402.55

x (1+.07)1

1,500.73

x (1+.07)1

1,605.78

x (1+.07)1

1,718.19

x (1+.07)1

1,838.46

x (1+.07)1

1,967.15

x (1+.07)1

Time Value of Money – Future Value (cont’d)
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Time Value of Money – Present Value

Time = n
Future Value

Time = 0
Present Value

PV0     =   FVn

(1+r)n

 $1,000 today will be worth more when stated as a value in the future.
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Time Value of Money – Present Value (cont’d)

$1000

Present Value of $1,000 compounded for 1-10 periods at 7%

1 2

$543.93

43 5 6 987 100

$582.01 $622.75 $666.34 $712.99 $762.90 $816.30 $873.44 $934.58

1)07.1(
93.543



$508.35

n

1111111111

1111111111

r)(1
FVn

r)(1r)(1r)(1r)(1r)(1r)(1r)(1r)(1r)(1r)(1
FVn

(1.07)(1.07)(1.07)(1.07)(1.07)(1.07)(1.07)(1.07)(1.07)(1.07)
1000

+
=

++++++++++
=

=

1)07.1(
58.934

1)07.1(
44.873

1)07.1(
30.816

1)07.1(
01.582

 1)07.1(
1000
1)07.1(

90.762
1)07.1(

99.712
1)07.1(

34.666
1)07.1(

75.622




© PFM 10© PFM 10© PFM 10

Time Value of Money – Present Value (cont’d)

$1000

Present Value of $1,000 compounded for 1-10 periods at 7%

1 2

$543.93

43 5 6 987 100

$582.01 $622.75 $666.34 $712.99 $762.90 $816.30 $873.44 $934.58

1111 )07.1()07.1()07.1()07.1(
34.666



111 )07.1()07.1()07.1(
75.622

11 )07.1()07.1(
01.582


11111 )07.1()07.1()07.1()07.1()07.1(
99.712



1111111111 )07.1()07.1()07.1()07.1()07.1()07.1()07.1()07.1()07.1()07.1(
1000



111111111 )07.1()07.1()07.1()07.1()07.1()07.1()07.1()07.1()07.1(
58.934



11111111 )07.1()07.1()07.1()07.1()07.1()07.1()07.1()07.1(
44.873



1111111 )07.1()07.1()07.1()07.1()07.1()07.1()07.1(
30.816



111111 )07.1()07.1()07.1()07.1()07.1()07.1(
90.762



1)07.1(
93.543



n

1111111111

1111111111

r)(1
FV

r)(1r)(1r)(1r)(1r)(1r)(1r)(1r)(1r)(1r)(1
FV

(1.07)(1.07)(1.07)(1.07)(1.07)(1.07)(1.07)(1.07)(1.07)(1.07)
1000









$508.35
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Future Value and Present Value

 Assuming the cost of gum is $1.15 today and an inflation rate of 1.5%, what will the 

cost of gum be in 15 years? 

 Assuming inflation at 1.5% what was the cost of gum 15 years ago?

$1.15 x 
(1+.015)15 = $1.44Today

15 years

$1.15
(1+.015)15 = $0.92

15 years
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Poll question 1

Is the following statement True or False: $100 dollars today holds the same value to the 

holder as $100 dollars 10 years from today. 

A. True 

B. False
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Perpetuity

PVP =

$PMT

?
Today

1 2 3 4 5

$PMT $PMT $PMT $PMT$PMT

PMT
r

 Perpetuity – Equal payments at equal intervals forever
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









 nrr
PMTPVA

)1(
11

aa a aa a

a         aa aa a aa a

r
aPVP 2

r
aPVP 1

An annuity is the difference between two perpetuities.

In General,

0

So,

PV Annuity

=

=

= 21 PVPPVP 

r
a

r
a


Time Value of Money — Annuity

WRONG! 
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Time Value of Money — Annuity

To get second 
perpetuity to time zero, 
must apply present 
value to these cash 
flows.
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Time Value of Money — Annuity

A payment stream with equal payments over equal periods of time is called an 

ANNUITY.

This is an Annuity

100100 100100 100

NOT an Annuity

100100 100 100

NOT an Annuity

100100 100 10099.9 92

0 1 2 3 4 5 6

0 1 2 3 4 5 6

0 1 2 3 4 5 6
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Time Value of Money — Annuity

Annuity in ARREARS
(Relative to time 0)

Note: n = 5

100100 100 100100

0 1 2 3 4 5 6

Annuity in ADVANCE
(Relative to time 0)

Note: n = 5

100100100 100100

0 1 2 3 4 5 6

Either an Annuity 
in ARREARS (n = 4, starting

at 0) or ADVANCE (n = 4, 
starting at 1)

100 100 100 100

0 1 2 3 4 5 6
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Poll question 2

Which of the below represents an annuity?

A. $100 payments every month of the year except for July

B. $100 payments every month from February through and including October

C. $100 payments every month from February through and including June, and $120 
payments every month from July through and including October
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Term Structure of Spot Rates

Until now, we have discounted all the cash flows at a single rate (r).  r = 7.00%

Present ValueDiscount Factor
PVn = 1/(1+r)n

Applicable 
Rate

Cash FlowPeriod

934.580.934587.00%1,0001

873.440.873447.00%1,0002

816.300.816307.00%1,0003

762.900.762907.00%1,0004

712.990.712997.00%1,0005

666.340.666347.00%1,0006

622.750.622757.00%1,0007

582.010.582017.00%1,0008

543.930.543937.00%1,0009

508.350.508357.00%1,00010

7,023.58Total
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Present 
Value

Discount Factor
PVn = 1/(1+r)n

Applicable 
Rate

Cash 
FlowPeriod

970.870.970873.000%1,0001

924.560.924564.000%1,0002

863.840.863845.000%1,0003

792.090.792096.000%1,0004

712.990.712997.000%1,0005

630.170.630178.000%1,0006

547.030.547039.000%1,0007

466.510.4665110.000%1,0008

390.920.3909211.000%1,0009

321.970.3219712.000%1,00010

6,620.96Total

Term Structure of Interest Rates

In actuality, each cash flow should probably be discounted at the rate applicable to that 
period. 
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R = r + 

Year

Real Rate of Return Inflationary Expectations

R
at

e

r



Fisher Equation
Yield Curve

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24 25 26 27 28 29 30
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Yield Curve (cont’d)

• A normal yield curve forms during market conditions where 

investors generally believe that there will be no significant 

changes to the economy (i.e., no inflation).

• Investors expect long term instruments to offer higher yields 

than short term instruments – this includes the assumption of 

additional risk for longer investments and the expectation for 

greater yield for taking on that risk.

• A flat yield curve structure reveals that there may be some signs that short-term rates will rise and 

others that long-term rates will fall.

• In an inverted yield curve market, which is rare, investors assume long term rates will decline

• This curve also implies that investors expect to receive less compensation for assuming more risk

• Some investors interpret an inverted yield curve as a signal that the economy is going to 

experience a slow down or is experiencing a slow down.
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Inverted Yield Curves and US Recessions

Source: FRED, Federal Reserve Bank of St. Louis
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Yield Curve (cont’d)

The yield curve may be influenced by exceptionally strong or weak investor demand for securities of a given 
maturity. For example, banks may prefer to purchase securities with terms less than 20 years, eschewing 
what may be relatively higher interest rates at longer terms. The effect would be to increase demand in the 1 -
20 year range, meaning investors would accept/borrowers would receive lower interest rates on securities 
maturing during this period. Conversely, a lack of demand after 20 years could elevate interest rates in this 
segment of the curve.

Year

Expectations Risk/Liquidity Premium

R
at

e

0     1     2     3     4     5     6     7     8     9    10    11    12    13    14    15    16    17    18    19    20    21 22    23    24    25    26    27   28    29    30

Market Segmentation Effect
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Poll question 3

Historically, inverted US Treasury yield curves often are followed by:

A. Sustained economic growth

B. Population growth

C. Economic recession

D. Strong corporate earnings reports
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Bond Math Primer
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Why Issue Bonds?

 States, cities, counties and other public authorities are responsible for funding public projects such 

as the construction and upkeep of schools, hospitals, highways, sewers, and universities

 How should issuers fund these capital projects?

• Option 1: Use that treasure chest of funds that’s been sitting around.
• What treasure chest of funds???

• Option 2: Save up money (maybe from a newly instituted tax) for a long period of time (20 to 30 years) and 

then build the project once the necessary amount has been saved (i.e., “pay as you go” funding).
• Problem: Issuer needs the project now, the project may also be much more expensive in 20 to 30 years.

• Problem: Unfair - Those that are taxed to fund the project should also be those that benefit from/ use the project 
(i.e., generational transfer).

• Option 3: Issue Bonds.
• Issuers can procure funds today to build the project they need by borrowing money through a bond issuance.
• The debt service (i.e., principal and interest) on the bonds is paid by the users of the project (i.e., tax-payers, toll-

payers, rate-payers).
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Tax Exemption

 The IRS deems bonds that are issued for qualified public projects by municipal 

governments (e.g., state and local governments) and non-profits entities (e.g., school 

districts, higher education, toll and transit, airports, public power, health care, etc.) 

tax-exempt.

• The interest income on these bonds are exempt from federal income taxes.

• Many are also exempt from state income taxes, for owners that reside within those states.

 Why? Because the capital projects funded by these bonds are for the good of the 

public.

 Due to these exemptions, 

tax-exempt bonds typically 

carry lower interest rates 

than comparable, taxable 

bonds.

Taxable
Bond

Tax-exempt 
Bond

Market Interest Rate 10.00% 6.70%
Less Taxes (3.30%) 0.00%

Effective Interest Rate 6.70% 6.70%

Taxable
Bond

Tax-exempt 
Bond

Market Interest Rate 10.00% 6.70%
Less Taxes (3.30%) 0.00%

Effective Interest Rate 6.70% 6.70%

Investors are willing to receive a lower rate since 
they are not required to pay taxes on interest 
income. Their net effective rate equalizes.
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Terminology

 A Bond is evidence of a loan
• Buyer of the Bond is the lender or investor
• Seller of the Bond is the borrower or the issuer or the obligor

 Principal or Face Amount or Par Amount
• Amount of loan

 Maturity date
• Repayment date of loan – may be spread across multiple years

 Nominal or Coupon rate
• Interest rate paid periodically on the loan
• Usually expressed as a percentage of par amount

 Price
• Amount a lender will lend in consideration of future receipt of principal and interest payments

 Yield
• Single rate that sets the PV of the future principal and interest payments equal to the initial price 
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Terminology (cont’d)
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Annuity of Interest / Coupon Payments
(Paid Semi-annually by Issuer to Investor)

Time
Maturity
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n = 1

CFn

(1 + Yield) n

PV  = Price

Inverse relationship 
to Price

Bond Components 
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Poll question 4

Tax-exempt status on municipal bonds is provided by the IRS in order to:

A. Lower the net cost of borrowing for issuers that finance public projects.

B. Create a greater demand for municipal bonds amongst investors.

C. Provide an incentive for governments to build and maintain public facilities.

D. All of the above.

E. None of the above.
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Pricing a Bond

Par Bond
1,000Par

5.00% (2.5% paid semi-annually)Coupon

5.00%Yield

5Years 

1,000

25252525252525252525
Present Value = 

1,000
(Price = 100)

Price of a Bond = PVCashflows

PVCashflows = PV Interest Annuity + PVPrincipal
therefore

Price of a Bond = PV Interest Annuity + PVPrincipal

COUPON = YIELD



© PFM 37© PFM 37© PFM 37

Bond Cash Flows

 Let’s assume a municipality needed to borrow $10 million for a capital project 
(Issuance Date: 7/1/2023)

 To make it simple, let’s just assume that there were 10 investors and each investor 
lent the municipality $1 million over various periods

Investor #
Lending 

Term
Repayment 

Date
Loan

Amount Coupon

Semi-annual 
Interest 

Payment
1 1 yr 7/1/2024 $1,000,000 3.000% $15,000
2 2 yrs 7/1/2025 $1,000,000 3.125% $15,625
3 3 yrs 7/1/2026 $1,000,000 3.250% $16,250
4 4 yrs 7/1/2027 $1,000,000 3.375% $16,875
5 5 yrs 7/1/2028 $1,000,000 3.500% $17,500
6 6 yrs 7/1/2029 $1,000,000 3.625% $18,125
7 7 yrs 7/1/2030 $1,000,000 3.750% $18,750
8 8 yrs 7/1/2031 $1,000,000 3.875% $19,375
9 9 yrs 7/1/2032 $1,000,000 4.000% $20,000

10 10 yrs 7/1/2033 $1,000,000 4.125% $20,625
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Par Cash Flows 

The yield is determined 
by finding the rate that 
sets the PV of Debt 
Service and the
upfront proceeds 
equal to one another.

Date Principal Coupon Interest Debt Service
1/1/2024 0 -- 178,125 178,125
7/1/2024 1,000,000 3.000% 178,125 1,178,125
1/1/2025 0 -- 163,125 163,125
7/1/2025 1,000,000 3.125% 163,125 1,163,125
1/1/2026 0 -- 147,500 147,500
7/1/2026 1,000,000 3.250% 147,500 1,147,500
1/1/2027 0 -- 131,250 131,250
7/1/2027 1,000,000 3.375% 131,250 1,131,250
1/1/2028 0 -- 114,375 114,375
7/1/2028 1,000,000 3.500% 114,375 1,114,375
1/1/2029 0 -- 96,875 96,875
7/1/2029 1,000,000 3.625% 96,875 1,096,875
1/1/2030 0 -- 78,750 78,750
7/1/2030 1,000,000 3.750% 78,750 1,078,750
1/1/2031 0 -- 60,000 60,000
7/1/2031 1,000,000 3.875% 60,000 1,060,000
1/1/2032 0 -- 40,625 40,625
7/1/2032 1,000,000 4.000% 40,625 1,040,625
1/1/2033 0 -- 20,625 20,625
7/1/2033 1,000,000 4.125% 20,625 1,020,625

0.00 <==PV of Cashflows 
minus Upfront Proceeds

3.00%<==yield

Date Principal Coupon Interest Debt Service
PV of Debt 

Service
1/1/2024 0 -- 15,000 15,000 14,778
7/1/2024 1,000,000 3.000% 15,000 1,015,000 985,222

Issuance Date: 7/1/2023 YIELD: 3.0000%
PROCEEDS 1,000,000 30,000 1,030,000 1,000,000
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Pricing a Bond (cont’d)

Premium Bond
1,000Par

5.00% (2.5% paid semi-annually)Coupon

4.00%Yield

5Years 

1,000

25252525252525252525
Present Value = 

1,044.91
(Price = 104.491)

Price of a Bond = PVCashflows

PVCashflows = PV Interest Annuity + PVPrincipal
therefore

Price of a Bond = PV Interest Annuity + PVPrincipal

COUPON > YIELD
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Premium Cash Flows

The yield is determined 
by finding the rate that 
sets the PV of Debt 
Service and the
upfront proceeds 
equal to one another.

Date Principal Coupon Interest Debt Service
1/1/2024 0 -- 178,125 178,125
7/1/2024 1,000,000 3.000% 178,125 1,178,125
1/1/2025 0 -- 163,125 163,125
7/1/2025 1,000,000 3.125% 163,125 1,163,125
1/1/2026 0 -- 147,500 147,500
7/1/2026 1,000,000 3.250% 147,500 1,147,500
1/1/2027 0 -- 131,250 131,250
7/1/2027 1,000,000 3.375% 131,250 1,131,250
1/1/2028 0 -- 114,375 114,375
7/1/2028 1,000,000 3.500% 114,375 1,114,375
1/1/2029 0 -- 96,875 96,875
7/1/2029 1,000,000 3.625% 96,875 1,096,875
1/1/2030 0 -- 78,750 78,750
7/1/2030 1,000,000 3.750% 78,750 1,078,750
1/1/2031 0 -- 60,000 60,000
7/1/2031 1,000,000 3.875% 60,000 1,060,000
1/1/2032 0 -- 40,625 40,625
7/1/2032 1,000,000 4.000% 40,625 1,040,625
1/1/2033 0 -- 20,625 20,625
7/1/2033 1,000,000 4.125% 20,625 1,020,625

0.00 <==PV of Cashflows 
minus Upfront Proceeds

1.985%<==yield

Date Principal Coupon Interest Debt Service
PV of Debt 

Service
1/1/2024 0 -- 15,000 15,000 14,853
7/1/2024 1,000,000 3.000% 15,000 1,015,000 995,147

Issuance Date: 7/1/2023 YIELD: 1.9851%
PROCEEDS 1,010,000 30,000 1,030,000 1,010,000
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Pricing a Bond (cont’d)

Discount Bond
1,000Par

5.00% (2.5% paid semi-annually)Coupon

6.00%Yield

5Years 

1,000

25252525252525252525Present Value = 
957.34

(Price = 95.734)

Price of a Bond = PVCashflows

PVCashflows = PV Interest Annuity + PVPrincipal
therefore

Price of a Bond = PV Interest Annuity + PVPrincipal

COUPON < YIELD
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Discount Cash Flows 

The yield is determined 
by finding the rate that 
sets the PV of Debt 
Service and the
upfront proceeds 
equal to one another.

Date Principal Coupon Interest Debt Service
1/1/2024 0 -- 178,125 178,125
7/1/2024 1,000,000 3.000% 178,125 1,178,125
1/1/2025 0 -- 163,125 163,125
7/1/2025 1,000,000 3.125% 163,125 1,163,125
1/1/2026 0 -- 147,500 147,500
7/1/2026 1,000,000 3.250% 147,500 1,147,500
1/1/2027 0 -- 131,250 131,250
7/1/2027 1,000,000 3.375% 131,250 1,131,250
1/1/2028 0 -- 114,375 114,375
7/1/2028 1,000,000 3.500% 114,375 1,114,375
1/1/2029 0 -- 96,875 96,875
7/1/2029 1,000,000 3.625% 96,875 1,096,875
1/1/2030 0 -- 78,750 78,750
7/1/2030 1,000,000 3.750% 78,750 1,078,750
1/1/2031 0 -- 60,000 60,000
7/1/2031 1,000,000 3.875% 60,000 1,060,000
1/1/2032 0 -- 40,625 40,625
7/1/2032 1,000,000 4.000% 40,625 1,040,625
1/1/2033 0 -- 20,625 20,625
7/1/2033 1,000,000 4.125% 20,625 1,020,625

0.00 <==PV of Cashflows 
minus Upfront Proceeds

4.030%<==yield

Date Principal Coupon Interest Debt Service
PV of Debt 

Service
1/1/2024 0 -- 15,000 15,000 14,704
7/1/2024 1,000,000 3.000% 15,000 1,015,000 975,296

Issuance Date: 7/1/2023 YIELD: 4.0303%
PROCEEDS 990,000 30,000 1,030,000 990,000
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Poll question 5

Which is the following is INCORRECT:

A. A bond where coupon = yield is a par bond.

B. A bond where coupon > yield is a discount bond.

C. A bond where coupon > yield is a premium bond.
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Terminology (cont’d)

 Option: The right, but not the obligation, to buy or sell a specific amount of a given asset 

at a specified price (the strike price) during a specified period of time. 

•Call Option: The right, but not the obligation, to buy an asset at a given price

•Municipal bond issuers utilize call options to provide themselves flexibility to repay 

bonds prior to their stated maturity, i.e., through a refinancing/refunding.

•Put Option: The right, but not the obligation, to sell a given asset at a specified price 

during a specific period. The writer of the put is obligated to buy the underlying asset and 

pay the strike price for it.

•Put options are most commonly used in the municipal market for variable rate bonds. 

Buyers of variable bonds will commonly have a put option on these, where they can 

“put” the bonds back to the issuer and receive back their principal amount plus accrued 

interest.
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Types of Bonds

Current Interest Bonds (CIBs)

Capital Appreciation Bonds (CABs)/Zero Coupon Bonds

Convertible CABs/Deferred Interest Bonds (DIBs)

0

0

0
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Mechanics of Variable Rate Debt

 Variable Rate Bond
• Usually sold at par (no premiums!)
• Nominal Maturity (pay down can be flexible)
• Interest paid on a current basis at rates that are 

periodically reset
• Bonds typically have a put option, allowing investors to 

put back bonds to issuers and receive their principal + 
accrued interest owed to them.

 Interest Rate Reset Procedure
• Process by which interest rates are periodically reset on 

the variable rate debt

 Interest Rate Mode
• Term for which interest rates are periodically reset (e.g., 

daily, weekly) 
• Variable rate debt may be multi-modal, allowing for 

discreet changes from one interest rate mode to another.

 Interest Payment Frequency
• Frequency with which interest is paid to investors

Maturity

Principal

Variable Interest Expense

Bondholders

Variable D
S

Liquidity & 
Remarketing

ISSUER
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Thank you.
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ABOUT PFM

PFM is the marketing name for a group of affiliated companies providing a range of services. All services are provided through 

separate agreements with each company. This material is for general informational purposes only and is not intended to 

provide specific advice or a specific recommendation.  This content is being provided by PFM for educational and informational 

purposes only, and may be construed as advertising under applicable U.S. or state laws. 

Financial advisory services are provided by PFM Financial Advisors LLC, a registered municipal advisor with the Securities 

and Exchange Commission (SEC) and the Municipal Securities Rulemaking Board (MSRB) under the Dodd-Frank Act of 2010. 

Swap advisory services are provided by PFM Swap Advisors LLC which is registered as a municipal advisor with both the 

MSRB and SEC under the Dodd-Frank Act of 2010, and as a commodity trading advisor with the Commodity Futures Trading 

Commission. Additional applicable regulatory information is available upon request. 

Consulting services are provided through PFM Group Consulting LLC. PFM’s financial modeling platform for strategic 

forecasting is provided through PFM Solutions LLC. A web-based platform for municipal bond information is provided through 

Munite LLC. For more information regarding PFM’s services or entities and for important disclosure information, please visit 

www.pfm.com.

Disclosures




